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In the following, we will use tacitly two results which in many cases reduce
linearity of an application between R-modules to just homogeneity.

Proposition 0.1 If M is a microlinear space, then all the tangent space
of M satisfy the Kock-Lawvere axiom in the sense that the canonical map
a: Tp(M) x T (M)—TE given by a(u,v) = u+ dv is a bijection for each
m € M.

Proof: (cf. [3] page 186) Let ¢ : D—T,(M) be given and let u = ¢(0).
We claim the existence of a unique v € T, (M) such that ¢(d) = u + dv. By
replacing ¢(d) by ¢(d) — u in T,,(M) we may assume that ¢(0) is the null
vector in T, (M). Define 7 : D x D—M by 7(dy,ds) = ¢(dy)(ds). Since M
is microlinear and
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is an R-coequalizer, (here py(dy,dy) = (d1,0), pa(dy.de) = (0,dz)) and Top; =
T opg, there is a unique v € T,,(M) such that 7(dy, d2) = v(d; - ve) = dy-v(dy).
Thus, ¢(dy) = d; - v1, completing the proof.

Proposition 0.2 Let H : V—W be an arbitrary (not necessarily linear)
map of R-modules. Assume that W is a microlinear space which satisfies the
Kock-Lawvere aziom in the sense that the canonical map o : W x W —W7P
defined by a(wy,ws)(d) = wy + dws is a bijection. Then H is linear iff H is
homogeneous.



Proof: Let H : V—W be homogeneous, i.e., H(av) = aH(v) for every
a € R and v € V. Take vy,v, € V and consider the maps

¢
D2)—/—=w
()=
defined by

’gb(dl, dz) = H(dlvl) + H(dQUQ)
Since ¢ o1, =1 o1y for k=1,2 and

{ Qb(dl, dg) = H(dﬂ)l + dQ’UQ)
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is an R-pushout, it follows that ¢ = 1. In particular ¢(d,d) = ¥(d,d), i.e
H(d(vy 4+ v9)) = H(dvy) + H(dvs). Using homogeneity and the fact that « is
an isomorphism, H(vy) + H(vy) = H (v, + v2).

1 Connections and Sprays on a Microlinear
Space
Let M be a microlinear space and let K : MP*P—MP x,;; MP be the
canonical map defined by K (t)(d) = (¢(d,0),t(0,d))
An affine connection on M is section of K
Vo MP xy MP— ) P*P

satisfying some homogeneity conditions. More precisely, we require V to
have the following properties

V(ti,t2)(dy
V (1, 2)(0,
(Oétl, 2)(d1,d2)
(tl, Oétg)(dl, dg)

0) = t(d1)
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A connection is symmetric or torsion-free if V(t1,t3)(dy, ds) = V(ts, t1)(da, dy).

There is a simple geometric interpretation of a connection in terms of
parallel transport. A parallel transport on M is a function which associates
with each (¢,h) € MP x D a bijection

Th(t, =) 7 (8(0) 7 (t(R))

such that
To(t1,t2) = o
Th(tl, )\ng) = )\Th<t1, tg)
Th()\tl, tz) = )\Th<t1, tg)
for all A € R.

We say that that 7,(¢1,t2) is the result of transporting ¢, parallel to itself
along t; during h seconds.

Proposition 1.1 Assume that M is a microlinear space. If T is a parallel
transport on M, then the map V : MP Xy MP——MP*P defined by

V(tl, tg)(hl, hg) = Thy (tl, tg)(hg)

1s an affine connection on M. Conversely, any affine connection on M de-
termines a parallel transport T defined by the same formula.

Proof: See [3] page 190.

In terms of parallel transport, the notion of a symmetric connection also
has a clear geometrical interpretation that the reader is encouraged to find.

When M = R"™, a vector t at @ € R™ may be written uniquely as t(d) =
a + db, by using Kock-Lawvere axiom. The same axiom also implies that a
connection can be written as

V(t1,t2)(d1, d2) = a+ bydy + bads + @g(bh be)dyds
with ¢;(d) = a+bid (i =1,2)
Thus, V is completely determined by by
Va(—,—): R" x R"—R"
The defining properties of V are translated into properties of @Q(—, —) and
express simply that this last map is bilinear. If V is symmetric, this map is

also symmetric. Notice, however, that in this case such a map is completely
determined by its values at the diagonal. Indeed,
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Proposition 1.2 Let 0 : R" x R"—R" be a map that is bilinear and sym-
metric and let § : R*—R" be defined by 6(t) = o(t,t). Then

o(ti,tz) = (1/2)[6(t1 + t2) — 0(t1) — 0(t2)]

P?“OOf.' We have 5(t1 —|—t2) = O'(tl +t2,t1 +t2) = U(tl,t1)+20<t1,t2)+0'(t2,t2),
Le., o(ti,t2) = (1/2)[0(t1 + t2) — 6(t1) — 6(t2)].

NB For n = 1, i.e., for 0 : R x R— R, homogeneity implies symmetry. In
fact, by homogeneity

(1) olaz,y) = ao(z,y) = oz, ay)

Taking partial derivatives with respect to a we get

(2)  2(90/0x)(az,y) = o(z,y) = y(Io/dy)(x, ay)

Taking partial derivatives with respect to = we get
(3)  (90/97)(azx,y) + ax (0?0 /0*z)(az, y) = (90 /0x)(x,y).

Letting a = 1,
(4)  2(0%0/0%x)(z,y) =0
Similarly for y. From (1) and (2),
o(z,0)=0(0,y) =0
{ z(0o/0z)(x,0) =0
y(90/9y)(0,y) = 0

Lavendhomme principle implies

(0?0 /02*)(z,y) =0
(5) (0o /0x)(z,0) =0
(00 /0y)(0,y)

By Taylor developing around (0, 0),

o(x,y) = cxy

where ¢ = (020 /0x0y) (0, 0).



Thus, o is symmetric, §(z) = cz? is a quadratic form and o(z,y) =
1/2[0(z +y) — 0(x) = d(y)].

For n > 1 homogeneity does not imply symmetry. In fact, already for
n = 2 themap f : R?x R?>— R? defined by f((x1,22), (y1,v2)) = (21y2, T2y1)
is homogeneous, but not symmetric.

In the following we prove a generalization of the last proposition.

Let M be a microlinear space. A spray on M is a map o : MP——MP?
satisfying the conditions

(1) o(t)(d) =t(d) forallde D
2)  o(M)(6) = o(t)(AS) foralls € Dy A€ R

For M = R", we easily see that a spray has the following description
o(t)(6) = a+bd + 7,(b)5°
with the homogeneity condition (2)
G2(Ab) = A2, (b)

Proposition 1.3 Given any affine connection (not necessarily symmetric)
V on M there is a unique spray o on M such that

o(t)(dr + da) = V(t,t)(d1, d2)
Proof: This follows from the fact that

é D xD . Do
J2
is an R-coequalizer, where ji(d) = (d,0) and j2(d) = (0,d). Indeed, for
t € MP, V(t,t)(dy,ds) satisfies V(t,t)(d,0) = t(d) = V(,)(0,d). Using
the previous R-coequalizer, we conclude that there is a unique map o(t) :
Dy— M satisfying

o(t)(dy + dy) = V(t,t)(dy, d2)

It is easy to check that o satisfies the conditions to be a spray.

The main result of this section is the following version of the Ambrose-
Palais-Singer theorem:



Theorem 1.4 Let M be a microlinear space. Then there is a natural one-
to-one correspondence between symmelric affine connections V on M and
sprays on M given by

O'(t) (dl + dg) = V(t, t) (dh dg)
Proof: cf [3] page 192.

Before starting the proof, we observe that the following are R-coequalizers

(i) DL;DXD%D
: 2

J2

id
(ii)  D(2) x D(2) —= D(2) x D(2) —— D(2)
(p2,p1)
. (p1,mop23) m
(t5i) D xDxD DxD——D
(p2,mop13)
‘ (p1,mop23) m
(iv) DxDxD() D x D(2) ="~ D(2)

(p2,mop13)

(p1,m0p23) m

(/U) D2 X D2 X D2(2) DQ X D2(2> 4>D2(2)

(p2,mop13)

where m stands for ”multiplication.”

From connections to sprays: already done using the R-coequalizer (i) (cf.
last proposition)

From sprays to connection: we use the R-coequalizer (v). Let o be a
spray, ty,ty € MP such that ¢;(0) = #5(0) = x. The map 7 : Dy x Dy(2)— M
defined by 7(9, A1, A2) = o(A1t1 4+ Aate)(d) equalizes the parallel arrows in (v),
by homogeneity of . Therefore, there is a unique map V'(¢1,t2) : Do(2)— M
such that V/(tl,t2>(5)\1,(5/\2) = 7(5, )\1, )\2) = O'()\ltl + )\2t2)(5) Then V =
V'\pxp : D x D—M 1is an affine symmetric connection, as can be easily
checked. It remains to prove that these operations are inverse of each other:
see [3].



2 Vector bundles and vector fields

Let M be a microlinear space. A wvector bundle over M is a map p : E— M
with E microlinear such that every fiber E,, = p~!(m) is equipped with an
R-module structure satisfying the Kock-Lawvere axiom, i.e., the canonical
map

H,, : E,, x Ep,—(E,,)"

defined by H,,(u,v)(d) = u + dv is a bijection.
Examples:

(1) the canonical map my; : MP—M sending a vector v into v(0) is a
vector bundle over M. (This was already proved. Cf. Proposition 0.1)

(2) the canonical map 7g : EP—E. We denote the R-module structure
by @ and ® (same as (1))

(3) the map p?” : EP—MP. This is not so obvious. We check that
its fibers satisfy the Kock-Lawvere axiom. Indeed, given ¢ : D—(EP), =
(p?)~1(t) with t € MP, consider ¢y : D—Eyq = p*(t(d)) defined by
¢a(d') = ¢(d')(d). Since E is a vector bundle, there is a unique couple
(ua;va) € Efyy such that ¢(d') = ug + d'vg (Vd' € D). where u = [d +— uy]
and v = [d — v, are in (E?),. The R-module structure is defined pointwise
and denoted by + and .

(4) the first projection p; : E' Xy E—FE. The R-module structure, (again
denoted by @ and ®) is defined by
(u,v) ® (u,v') = (u,v+v) a® (u,v) = (u,av)

(5) the canonical map E x; E— M. The R-module structure is defined
by
(u1,v1) + (ug, v2) = (ug + ug,v1 +v2)  alu,v) = (au, aw)
(If all E,,’s satisfy the Kock-Lawvere axiom, so do all products E,, x E,,.)
(6) the second projection py : MP x,; E—E. The corresponding R-

structure is given by

(o) (Hv)=@Fat,v) a6 (tv)=(at,v)



(7) the first projection p; : MP x; E—M?P. The corresponding structure
is defined by

(t,v) + (t,0") = (t,v+")  at,v) = (t,av)

Whenever p: E— M is a vector bundle, we have the following diagram

H K

ExyE MP xy E

ED

where H(u,v)(d) = u+ dv and K(t) = (pot,t(0)).

Proposition 2.1 1. H is linear as a map of vector bundles (4) and (2)
2. K is linear as a map of vector bundles (2) and (6)
3. The sequence of linear maps over E

H K

0 EXME ED MDXME

is exact, i.e., H is 1-1 and Im(H) = Ker(K).

Proof: (1) and (2). Linearity follows from homogeneity, but this is obvious
in each case. (3) H is monic is a consequence of the fact that the fibers
of p : E—M satisfy the Kock-Lawvere axiom. It remains to show that
Im(H) = Ker(K). Let m € M and E,, = p~'(m) the fiber of p over m.

Then
te EP « vYde Dt(d) € E,

— Yde Dp(td)=m
— pot =0y,
— te Ker(K)

But, by definition of vector bundle, t € EP iff there is a unique couple
(u,v) € E2 such that Vd € D t(d) = u+dv, i.e., if t = H(u,v). This finishes
the proof.



A vector t € EP such that K(t) = 0 is called a vertical vector.

Our aim is to generalize the definition of affine connections to vector
bundles, and introduce the connection maps.

We recall some notions to be used in the sequel (cf. [3]and [2]).

Let M be a micro-linear space and let p : E——M be a vector bundle.
An affine connection on p : E— M (briefly, on E) is a section of K

V:MP x,, E—FEP

which is linear with respect to both vector bundles structures & over £ and
+ over MP. Recall that

{ (u,v) ® (u,v') = (u,v + '), a® (u,v) = (u,av)
(ur,v1) + (ug, v2) = (w1 + ug, v1 + v2), a-(u,v) = (au,aw)

In other words, V should satisfy the following identities

po V(t,v)(d) = i(d), V(t,v)(0) = v
V(at,v)(d) = (« ©® V(t,v))(d) = V(t,v)(ad)
V(t,av)(d) = (o= V(t,0))(d) = a - (V(E,v)(d))

~ T

Let V : MP x); E—FEP be an affine connection on a vector bundle p :
E— M. The connection V induces a split-exact sequence of vector bundles
over E (i.e. with respect to @):

0= ExyE—*~ ED MP x,, E 0

Hence H splits as well. Indeed, there is a map C, : EP—FE x,; E such that

Cl OH:idEX]uE
H001 :’ldED@VK

Indeed, K(t© VK (t)) = K(t) — K(t) = 0. Thus, t © VK (t) = H(u,v) for a
unique couple (u,v) € E?. Define C(t) = (u,v). Then C; o H = idpy,,r and
HO Cl = ZdEd @ VK

We define the connection map associated to V to be

C:EP——F



given by C' = py o (.
The connection map C' : EP —FE is bilinear in the sense that for every
(t,t") € EP x yp EP, we have

Ct+t)=C(t)+C()
Citaet)=Ct) +C(t)
(The two +’s on the right denote addition in Ep) = Ep(0))-

Intuitively, C' measures the extent to which a tangent vector t € EP
coincides with the parallel transport of ¢(0) along p o ¢ given by V. (Cf. [3]
V3.9-11 and V4.7)

We shall apply these notions to the vector bundle E = M (and p = m).
So, we assume that M = EP. If X,Y are vector fields, we define the new
vector field

VxY =Co(XxY)

with (X xY')(dy,dy) = Y, o Xg4,. We notice that X *Y is a transpose of the
map YPoX : M—(MP)P. Finally, we define the curvature of the connection
V to be the map

RxyZ=(CoCP —CoCPo¥%)o(Z+Y xX)
where
(Z*Y*X)(dl,dg,dg) = Zd3 o Yd2 on1
Z(Z*Y*X)(dl,dg,dg) = st ] Y'd1 OXd2
Notice that Z xY * X is a transpose of (ZP)P o YP o X : M—((MP)P)P.

There is a geometrical interpretation of VxY :

Proposition 2.2 Let E——M be a vector bundle, V an affine connection
on E, X a vector field on M andY an E-vector field on M. Then VxY is
uniquely determined by the following identity

VYh e D MVxY)m =V(d— Xn(h+d),YP o X(h))(—=h) — Y,

where X : M—MP2 is the (unique) extension of X.
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Proof: (Almost verbatim from [3]). We first notice that H is a bijection
(since E,, satisfies the Kock-Lawvere axiom) and this implies that

HoCy(t)(h) = proH YHoCy(t)+ hp, HTHC,(t)
= H o Cy(t)(0) + hC(t)

In particular, for t = Y2 o X — V(X,Y) we have
Vhe D[(YP 0 X)m — V(X Yin)|(h) = Vi + h(VxY )]
The rest of the proof is straightforward and may be found in [3].

2.1 Vector fields over curves

Let M be a microlinear space and v : R— M. A wvector space over 7 is a
map X : R— M?P such that the diagram

MD

M

1s commutative.

Example: the "velocity field” of v, v* : R—M?P defined by +*(t)(d) =
v(t+d).

If V is an affine connection on M and X a vector field over v, we define
V., X, a new vector field over v, by the equation, for all h € D,

hV. X (1) = V(* (), X (v(t + h))(=h) = X (7(1))

(Notice that existence and uniqueness of V.« X (¢) follow from the validity of
Kock-Lawvere axiom for the fiber M, ).) For the properties of this operation,
see [5].
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2.2 Computations for M = R"
Proposition 2.3 (e.g. Fock page 128) If X =3,a'0/0x" andY =3, b'0/0x"

are two vector fields on M = R™, then

VxY = a' (00 /02")0/0a7 + T7a't’0/0x"

ij ijk

In particular the k™-component of LxY is
(VxY)F =>"d'(0b/0x") + Y Tfjaibj
i ]
Proof: We first prove the particular case X = 9/0x" :
VojorY = Voo 3;00/07
= 2; Vo0’ 0/02

55 ((00/021)9 ) 0T + b1 ¥, ThD /o)

The general case follows from the properties of VxY (cf. Lavendhomme [2]
page 147). In fact,

VxY = VZZ aia/axiy

2i VaiojouiY

22"V gaiY

>, a'[S;((007)02")0) 027 4+ b 3, TF,0/92%)]
= X, (0V [027)0/027 + ¥ a'VT}0/0x*

3 Geodesics

Proposition 3.1 Let v : R—M and V a connection on M. Then the
following are equivalent:

1L.V(*,9%) =7
2. V,y-’)/. =0

Proof: Unwinding definitions and writing everything explicitly, these expres-
sions are shorthands for
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Loy*(t + ha) = 7, (7°(£),7°(1))
2. Ton(Y*(t+ h), 0 (E+ h)) =°(t)
We obtain the second from the first by substituting

h1'—>—h
t—t+h

To obtain the other direction, we make the substitution

hH—hl
t|—>t+h1

We say that v : R— M is a geodesic iff v satisfies any of the conditions of
the proposition.

Thus, geodesic curves have a clear geometrical content: “by parallel trans-
porting an infinitesimal portion of the curve (seen as a tangent vector) along
itself, the result is again an infinitesimal portion of the curve, i. e, a new
tangent vector to the curve.” No metrics are needed to define this notion.

Let M is an n-dimensional manifold. By introducing x-coordinates, we
may assume that M = R", and use Tensor Calculus (”les débauches d’indices”
according to Elie Cartan). In this case,

V:MxR'—MxR"xR"

is completely determined by by its last component V4, since K is a projection
and we define the Chritoffel symbols of the second kind by

(T5)e(p) = =Valp, eir e5)(er)

We shall usually omit 'x’ from the notation, if the coordinate frame is clear
from the context.

Lemma 3.2 If V is a connection, V* is bilinear.

Proof: Immediate from the properties V(Aby, b2)(dy, ds) = V (b1, be)(Ady, d2)
and V(bl, )\bg)(dl, dQ) = V(bl, b2)<d17 Adg)
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Proposition 3.3 A geodesics v = (z',...,2") satisfies the second order dif-
ferential equation

&’z /dt* + Y TE5(da®/dt)(dz” /dt) = 0
i,j=1

Proof: Recall that the vector field along 7y, v* : R— M7P is defined by ~*(t) =
[d— y(t +d)], ie., v (t)(d) = v(t + d). Tt follows that v** : R—(MP)P is
given by v**(t)(dy,ds) = v(t + di + ds). Hence

()(d) = (2 (t+d),...,2"(t+d))

(x
= (2'(t) + d(dzt/dt)(t)), ..., x"(t) + d(dz"/dt(t)))
z(t) + d(dz/dt)(t)

with z = (2'(t),...,2"(t)) and dz/d(t) = (dz'/dt(t),. .., dz"/dt(t)). Leaving
the ”t” out,

’y“(dl, dg) = (l’l + dl(dl'l/dt) + dg(dl‘l/dt)) + d1d2<d2$1/dt2), ey
" + dy(dz™ /dt) + dy(dz™/dt) + dydy(dPx™ [ dt?))
Similarly,
V(v 7°)(dr, d2) = z + dy(dz/dt) + do(dz/dt) + dydo V5 (dz/dt, dz/dt)
The equation of the geodesic becomes then
(x) d’/dt* = V,(dz/dt,dz/dt)
Writing dz/dt = 3, (dz®/dt)0/0x* and using the bi-linearity of V* we have

Vi(dz/dt,dx/dt) =Y (dx®/dt)(dz” /dt)V*(0/0x", 0/ 0x”)
ap

Taking the k™™ component in the equation (*), we finally obtain

d*z"/dt® + Y TE 5(dx® /dt)(dz” /dt) = 0
af

This is the expression found in texts of Differential Geometry (See e,g, [6]).

14



Proposition 3.4 Given an affine connection NV on M, there is a symmetric
affine connection V having the same geodesics.

Proof: Let V be an affine connection and let o : MP——MP2 be the unique
spray associated to V, i.e., defined by the formula o(t)(d;+ds)) = V(¢,t)(d1, d2).
Define V to be the symmetric affine connection associated with o (given by
the Ambrose-Palais-Singer Theorem). We claim that V and V have the same
geodesics. In fact, if v: R— M is a curve,

V@), () (di,da) = o(v*(t)(di + da2)
= V(*(#),~*(t))(d1,da)

(the first by definition of V (cf. Ambrose-Palais-Singer theorem already men-
tioned); the second by definition of o). But v is a geodesic for a connection
Vift V(y*(t),~*(t)) = v**(t). Thus, V and V have the same geodesics.

This shows that, so far as geodesics of a connection are concerned, we
may assume, without loss of generality, that the connection is symmetric.

4 Transformation law for vectors and vector
fields

In this section we study how vectors transform from z-coordinates to z'-
coordinates.

Let ¢ = (¢',...,¢") : R"— R" be a diffeomorphism and v = (v!,... v") :
D— R"™ a tangent vector. We want to find the the law of transformation of
the components of v under ¢. Assume that v'(d) = a* +db’ (1 = 1,...,n).
We have

D

R R
(¢ov)(d) = (¢'(a) +dD_b;(06"/0x7)(a),...,¢"(a) + dD_b;(9¢"/027)(a))
This means that the i*"-component of ¢ o v is

(pov) =Y b (96" /027).
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Define v"* = 7;(¢ o v). By identifying v* with b® and letting 2" (z) = ¢*(z), as
is common in texts of GR, our previous expression can be written

V" =Y "0 (02" 027
J

This is the transformation rule ”from the x variables to the x’ variables”.
Using a terminology used extensively, vectors transform ”contravariantly.”
Clearly this argument gives the law of transformation for vector fields by
just interpreting v"* and v’ as components of a vector field.

There is a corresponding transformation law for co-vectors which can be
deduced from this one, namely

0/0x" = 3796 /0x*) |

«

4.1 Transformation law for Ffj

In this section, we present the proof of Synge/Schild [7] of the transformation
rule for Ffj when we pass from x-coordinates to x’-coordinates:

(Tag)er = Ziw(Th) + 2(027/02")(02' /02" (927 [ 02"7)
+  Sp(0%2*/0x'*02'P) (02" | Ox*)

(cf. e.g. [6] II page 232 or [7] page 48).

Start with a curve v : R— M. Then we know (previous section) that
V =~*+V(7*,7°) is a contravariant vector field. In = coordinates, the y-th
component of V' is

v =P AP+ Fgﬁ(dxo‘/du)(d:pﬁ/du)
af
Thus, by the transformation law of contravariant vector fields,
(2.502) " =>"0*(02"/0x")
3

Lemma 4.1 (2.504)

(d*2*/dt?*) (02" 0y = (P2 Jdt*)+>_ (92" 0x") (0%2* |02’ 0a') (da'™ / dt) (da'” ] dt )
ap

16



Proof: By Leibniz’s rule,

Pk jdt? = d/dt[(T, Ox*[0x'*)(dx'® ) dt)]
= 3o (02F /0™ (&P [ dt?) + Y0 p5(8%2* /02" 0P ) (da'™ [ dt) (da'” ) dt

Multiplying both sides by 927 /0x* we obtain the result sought.
Corollary 4.2 (Transformation law for TI')

(Tag)e = Lin(I5)2(02"/0*) (02" /02') (027 /02')
+  Sp(0%2%/0x'*02'P) (02" | Ox*)

Proof: From (2.502)

d*x" [dt? + (T7 5). (da'® /dt) (da'® [ dt) =
Sp(d®xF [dt* + (Thg)o (da® /dt) (dxP /dt)) (0x" /0x*))

Using 2.504, changing bound variables «, # by 4, j and noticing that

{dxi/dt = Yo (02"/02'*)(dx'/dt)
de? [dt = 3,(027 /0x'*)(dz'™/dt)

we obtain

A7 5(da' /dt)(da'’ /dt) = 0
with
Ay = (Ts)e — Xij(Th)2 (02" /02*) (02" | 02'*) (02! | D)
— L (02" /0% (0% |02’ 0'P)

Now, AJ; is a function on M, independent of both da'®/dt and da'®/dt.
Therefore, A5 = 0. In more details, let p € M. Let v be a geodesic starting
at p with initial velocity (1,...,1) in the z’-coordinates. Then A} 4(p) = 0.
We have obtained the transformation law.

4.2 Transformation law for I' (bis)

Recall from [5] (page 4) that
(*) (Voj02i0/027), = Y Ti(2)0 /02",
k=1
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By the properties of V, if X = >,a'9/027 and Y = >;/0/9z", then ([5]
page 5)
(#x) VxY = > a’(0b' /02")0 /02’ +ZF ‘W ox"
1] ijk

In 2’ coordinates, (x) becomes

() (Vaj0200/02"7) ZPV N0 /0%' |,

and the I"s are determined by this equation, since {0/0z"|,»}, is a basis.

For the particular case

{ X =0/02"* = 3,(0x" | 0x'*)D /O

Y =0/02"° =Y (027 /02"7)D ) 07

al = 0x' /02’ and b = 927 /92'P and

(w5%) Vo 0000/05"" =" (02’ /0a'*)0 /027 +Y T (9" /0x'*) (02 | 027)0 ) Ox*
From ] ]

0/0x" =" (027 /02*)0 /02"

we conclude that the 4" term of the second summand of (x ) is
> TE(02/02)(0a7 /027 (02" | 0x")
ijk

Similarly, from

0/0x’ = (027 /0x7)0 )0z

we conclude that the 4" term of the first summand is
i (827/02'*)0 /02 (927 |02 ) (82" | D)
=3 0z /02" Y, (02" /927)D )02 (D | 0’7 ) (D /D7)
= ijo (02" /0x'*) (027 | 0x") (0%a? | 0x'7 0P ) (D" DT )
=Yijo 62 (9% /0" 02" (0" | D7)
= 32,;(8%27 /02'*0x'P) (92" | a7 )
= ¥,(0%/0x'*02'P) (02" | Ox)

This gives the law of transformation

(Top)er = Z(Ffj)x(axi/az’o‘)(axj/ax’ﬁ)(3x'7/5$k)+z(82$i/ax'aax’ﬁ)(8:16'7/8962')

ijk
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4.3 A note on the equivalence between definitions of
tangent vectors in classical DF and SDG
Recall that classically, a tangent vector at p is defined as a linear derivation

at p
V,: C*(U)—R

where p € U and U is an open subset of M. (NB: this definition is independent
of U CHECK!)

On the other hand, a tangent vector at p in SDG is simply a map v, :
D— M with v,(0) = p.

Proposition 4.3 If M is a smooth n-dimensional manifold, there is a one-
to-one correspondence between

R-linear derivations at p
Maps v : D—M with v(0) = p

Proof: We may assume as well that M = R" and p = 0. This proposition
is a consequence of Hadamard’s. Let V,, be a R-linear derivation at p and
f:U—R with 0 € U and U convex open in M. By Hadamard’s

f@) = £(0) + Y aigi()

Since V,(c) = 0 (as easily checked), Vo(f) = Vo(32; 2°gs(2)). Hence,

Volf) = W(Ziz'gi(x))
= >, Vo(a'gi(x))
= Zzgz() (Z)—i_o
= 5,;0f/05"(0)Vo(zs)
= (X;@0/0z'|o)(f)

Thus the operator V is completely determined by the n-tuple (aq,...,a,)
(since the operators 9/0z'|y’s are clearly linearly independent)

By Kock-Lawvere, a map vy : D— R" is of the form vy(d) = (a1d, . . ., a,d)
for unique n-tuple (aq,...,a,). Thus the correspondence can be described
as follows: if Vj is given, we let vg(d) = 3=, Vo(2*)d. Conversely, if v is given,
say, vo(d) = (a1d, . .., a,d), we let Vo = 3, a;0/0z%,.
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