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Vector fields or, equivalently, ordinary differential equations have long
been considered, heuristically, to be the same as ”infinitesimal (pointed)
actions” or ”infinitesimal flows”, but it is only with the development of Syn-
thetic Differential Geometry (SDG) that we have the tools to formulate these
notions and prove their equivalence in a rigourous mathematical way. We ex-
ploit this fact to define the exponential of two ordinary differential equations
as the exponential of the corresponding infinitesimal actions. The resulting
action is seen to be the same as a partial differential equation whose solu-
tions may be obtained by conjugation from the solutions of the differential
equations that make up the exponential. Furthermore, we show that this
method of conjugation is equivalent, under some conditions, to the method
of change of variables, widely used to solve differential equations.

Our paper has two parts: in the first, we study generalities on actions.
In the second, we describe the exponential of two such actions to obtain the
above mentioned result. Some examples illustrate the general method. A
preliminary version of this paper appeared as part of [5].

1 Generalities on actions

Recall that an action of a set (object) D on a set (object) M is a map
X : D × M → M , and a homomorphism of actions (M, X) → (N, Y ) is a
map f : M → N with f(X(d, m)) = Y (d, f(m)) for all m ∈ M and d ∈ D.
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The category of actions by a set D form a topos. We shall be interested
in particular in the exponential formation in this topos (cf. section 2).

In the applications below, D is the usual set of square zero elements in R.
It is a pointed object, pointed by 0 ∈ D, and the actions X : D×M → M we
consider, are pointed actions in the sense that X(0, m) = m for all m ∈ M ,
or equivalently, X0 : M → M is the identity map on M . A pointed action,
in this situation, is the same thing as a vector field on M , cf. [7].

The pointed actions likewise form a topos, and the exponential to be
described in section 2, is the same as the exponential in the category of
actions (cf. [4]). If D is the set of square zero elements of R, the exponential
of pointed actions may be viewed as the exponential of two vector fields or,
alternatively, of two first order ordinary differential equations (1ODE’s).

For the case of vector fields seen as actions by D, we want to describe
the “streamlines” generated by a vector field in abstract action-theoretic
terms; this is going to involve a certain “universal” action (R̃, ∆): R̃ is an
“infinitesimally open subset” of R, i.e., whenever x ∈ R̃ then x + d ∈ R̃ for
every d ∈ D. The main examples of such subsets are R itself, the non-negative
numbers R≥0, open intervals, and the set D∞ of all nilpotent elements of the
number line. The action ∆ is the vector field ∂/∂x : D × R̃ → R̃ given by
(d, t) 7→ d + t. The main property to be assumed is that the individual ∆d’s
are homomorphisms of D-actions (which is a commutativity requirement);
the structure of R̃ could probably be derived from this, but we shall be
content with assuming that R̃ is an additively written monoid, and that
D ⊆ R̃ (with the 0 of D also being the zero of the monoid).

First, if (M, X) is a set with an action, a homomorphism f : (R̃, ∆) →
(M, X) is to be thought of as a particular solution of the differential equation
given by X, with initial value f(0), or as a “streamline” for the vector field
X, starting in f(0). One wants, however, also to include dependence on
initial value into the notion of solution, and so one is led to consider maps

F : R̃ × M → M,

satisfying at least F (d, m) = X(d, m) for all d ∈ D and m ∈ M ; we shall
consider and compare the following further conditions (universally quantified
over all d ∈ D, t, s ∈ R̃, m ∈ M):
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F (∆(d, t), m)) = X(d, F (t, m)); (1)

this is the main one, the two following conditions are included for systematic
reasons only:

F (∆(d, t), m)) = F (t, X(d, m)), (2)

F (t, X(d, m)) = X(d, F (t, m)) (3)

Finally, one may consider the following equation

F (t + s, m) = F (t, F (s, m)). (4)

Writing Xd for the map X(d,−) : M → M , and similarly for F , condition
(1) may be rewritten as

F∆(d,t) = Xd ◦ Ft

The others may be rewritten in a similar way. For instance (4) may be
rewritten as

Ft+s = Ft ◦ Fs

Equation (1) expresses that, for each fixed m ∈ M , the map F (−, m) : R̃ →
M is a homomorphism (and thus, by virtue of F (0, m) = m, a “solution
with initial value m”). Writing the action of D in terms of the symbol ·, we
may write it F (d · t, m) = d · F (t, m). Equation (2) expresses a certain bi-
homogeneity condition of F , F (d · t, m) = F (t, d ·m) ; (3) says that for fixed
t ∈ R, F (t,−) : M → M is an endomorphism of D-actions, F (t, d · m) =
d · F (t, m). Finally (4) is the usual condition for action af a monoid on a set
M . Clearly, it implies all the others.

Let X be a vector field on M , thought of as a first-order differential
equation and let R̃ be an infinitesimally open subset of R. We say that a
map f : R̃−→M is a particular solution of (M, X, R̃) if fd = Xd and f
satisfies f(t + d) = X(d, f(t)).

We say that a map F : R̃ × M → M is a complete solution of (M, X, R̃)
if Fd = Xd and F satisfies (1).

From now on, we shall usually omit reference to M and R̃, which will be
presupposed, and talk of solutions ’of a vector field X’.
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A complete solution does not satisfy the other conditions (2)-(4), but
it does, provided that X satisfies a certain axiom (reflecting, synthetically,
validity of the uniqueness assertion for solutions of differential equations on
M). — The axiom in question is the following

Uniqueness property for particular solutions of X:
If X is a D-action on M , and f, g : R̃ → M are homomorphisms of actions,
with f(0) = g(0), then f = g.

Note that the validity of the axiom, for a given X, depends on M and
the choice of R̃, ∆. For instance, we shall prove below that it holds for any
microlinear M if R̃ is taken to be D∞ (and ∆ = ∂/∂x).

This axiom has the following simple consequence

Proposition 1.0.1 Uniqueness property for complete solutions of X:
Assume that X has the uniqueness property for particular solutions . Then
there is at most one complete solution

F : R̃ × M−→M

The converse doesn’t seem to be true, but a weaker result is true

Proposition 1.0.2 Assume that there is a complete solution F : D∞ ×
M−→M for a vector field X on M. Then X has the uniqueness property
for particular solutions.

Proof: Let f : D∞−→M be a solution of X. Then

f(t) = F (t, f(0))

The proof of this equation proceeds ’by induction’: the equation is obviously
true for t = 0. Assume that it is true for t. We prove that it is true for t + d.
In fact,

f(t + d) = X(d, f(t)) = X(d, F (t, f(0)) = F (t + d, f(0))

The first and last equality hold because f and F are solutions, whereas the
middle one holds by induction. Uniqueness for X follows at once. Notice the
following consequence of this proposition: If there is a complete solution for
X, then the solution is unique.

4



Proposition 1.0.3 Let X be a vector field on M and assume that X satisfies
uniqueness property for particular solutions. Then if F : R̃ × M → M is
the complete solution of the differential equation X, it satisfies properties (2)
and (3). Furthermore, if R̃ is a monoid (under +) then F also satisfies (4).

Proof. Since the proofs are quite similar, we shall do only (4). Fix m ∈ M
and s ∈ R̃ and define the couple of functions f, g : R̃ → M by the formulas

{

f(t) = Ft+s(m)
g(t) = Ft ◦ Fs(m)

We have to check that f and g are homomorphisms of D-actions, i.e., they
satisfy (1). Let us do this for the first

f(t + d) = F(t+d)+s(m)
= Fd+(t+s)(m)
= Fd ◦ Ft+s(m)
= Xd ◦ f(t).

The proof that g is a homomorphism is similar. Thus, the equality of the
two expressions follows from the uniqueness property for particular solutions
assumed for X.

Recall that a vector field X on M is called integrable if there exists a
complete solution F : R̃ × M → M . If we assume the uniqueness property
for particular solutions, the equation (4) holds; if further the commutative
monoid structure + on R̃ actually is a group structure, then (4) implies that
the action is invertible, with X−d as X−1

d (in fact F−d = F−1
d ). Of course,

both the uniqueness property and the question whether or not the vector field
X is integrable, depends on which R̃ is considered. In particular, we shall
say that X is formally integrable or has a formal solution if X is integrable
for R̃ = D∞ (which is a group under addition). For the case of M = Rn, this
amounts to integration by formal power series, whence the terminology.

Theorem 1.0.4 The uniqueness property holds for any vector field on a mi-
crolinear object, (for R̃ = D∞). Furthermore, every vector field on a micro-
linear object is formally integrable. Thus, every vector field on a microlinear
object has a unique formal solution.
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Proof. This theorem was stated in [1] and a sketch of the proof by induction
was indicated. We give here a proof in detail which does not use induction.

We need to recall some infinitesimal objects from the literature on SDG,
cf. e.g. [6]. Besides D ⊆ R, consisting of d ∈ R with d2 = 0, we have Dn ⊆
Rn, the n-fold product of D with itself. It has the subobject D(n) ⊆ Dn

consisting of those n-tuples (d1, . . . , dn) where di · dj = 0 for all i, j. There is
also the object Dn ⊆ R consisting of δ ∈ R with δn+1 = 0; D∞ is the union
of all the Dn’s. If (d1, . . . , dn) ∈ Dn, then d1 + . . . + dn ∈ Dn.

Now, let M be a microlinear object, and X a vector field on it. We
first recall that if d1, d2 ∈ D have the property that d1 + d2 ∈ D, then
Xd1

◦ Xd2
= Xd1+d2

. (For microlinear objects perceive D(2) to be a pushout
over {0} of the two inclusions D → D(2), and clearly both expressions given
agree if either d1 = 0 or d2 = 0.) In particular, Xd1

and Xd2
commute. But

more generally,

Lemma 1.0.5 If X is a vector field on a microlinear object and d1, d2 ∈ D,
the maps Xd1

and Xd2
commute.

Proof. This is a consequence of the theory of Lie brackets, cf. e.g. [6] 3.2.2,
namely [X, X] = 0.

Likewise

Lemma 1.0.6 If X is a vector field on a microlinear object and d1, . . . , dn ∈
D are such that d1 + . . . + dn = 0, then

Xd1
◦ . . . ◦ Xdn

= 1M

(= the identity map on M). In particular, (Xd)
−1 = X−d.

Proof. We first prove that R, and hence any microlinear object, perceives
Dn to be the orbit space of Dn under the action of the symmetric group Sn in
n letters: Assume that p : Dn → R coequalizes the action, i.e. is symmetric
in the n arguments. By the basic axiom of SDG, p may be written in the
form

p(d1, . . . , dn) =
∑

Q⊆{1,...,n}

aQdQ
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for unique aQ’s in R (where dQ denotes
∏

i∈Q di). We claim that aQ = aπ(Q)

for every π ∈ Sn. Indeed,
∑

Q

aQdQ = π(
∑

Q

aQdQ)

since p is symmetric. But

π(
∑

Q

aQdQ) =
∑

aQdπ(Q) =
∑

Q

aπ−1(Q)d
Q.

By comparing coefficients and using uniqueness of coefficients, we conclude
aQ = aπ(Q), and this shows that p is (the restriction to Dn of) a symmet-
ric polynomial Rn → R. By Newton’s theorem (which holds internally), p
is a polynomial in the elementary symmetric polynomials σi. Recall that
σ1(d1, . . . , dn) = d1 + . . . + dn: and each σi, when restricted to Dn, is a
function of σ1, since d2

1 = 0; e.g.

σ2(d1, . . . , d2) =
∑

didj =
1

2
(d1 + . . . + dn)

2 =
1

2
(σ1(d1, . . . , dn))2.

Now consider, for fixed m ∈ M , the map p : Dn → M given by
(d1, . . . , dn) 7→ Xd1

◦ . . . ◦ Xdn
(m). By Lemma 1.0.5, this map is invari-

ant under the symmetric group Sn (recall that this group is generated by
transpositions), so there is a unique φ : Dn → M such that

φ(d1 + . . . + dn) = Xd1
◦ . . . ◦ Xdn

(m).

So if d1 + . . . + dn = 0, Xd1
◦ . . . ◦ Xdn

(m) = φ(0) = φ(0 + . . . + 0) =
X0 ◦ . . . ◦ X0(m) = m. This proves the Lemma.

We can now prove the Theorem. We need to define Ft : M → M when
t ∈ D∞. Assume for instance that t ∈ Dn. By microlinearity of M , M
perceives Dn to be the orbit space of Dn under the action of Sn (see the
proof of Lemma 1.0.6), via the map (d1, . . . , dn) 7→ d1 + . . . + dn, so we are
forced to define Ft = Xd1

◦ . . .Xdn
if F is to extend X and to satisfy (4). The

fact that this is well defined independently of the choice of n and the choice
of d1, . . . , dn that add up to t follows from Lemma 1.0.6.

As a particular case of special importance, we consider a linear vector
field on a microlinear and Euclidean R-module V . To say that the vector
field is linear is to say that its principal-part formation V → V is a linear
map, ∆, say. We have then the following version of a classical result:
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Proposition 1.0.7 Let a linear vector field on a microlinear Euclidean R-
module V be given by the linear map ∆ : V → V . Then the unique formal
solution of the corresponding differential equation, i.e., the equation Ḟ (t) =
∆(F (t)) with initial position v, is the map D∞ × V → V given by

(t, v) 7→ et·∆(v), (5)

where the right hand side here means the sum of the following “series” (which
has only finitely many non-vanishing terms, since t is assumed nilpotent):

v + t∆(v) +
t2

2!
∆2(v) +

t3

3!
∆3(v) + . . .

Here of course ∆2(v) means ∆(∆(v)), etc.

Proof. We have to prove that Ḟ (t) = ∆(F (t)). We calculate the left
hand side by differentiating the series term by term (there are only finitely
many non-zero terms):

∆(v) +
2t

2!
· ∆2(v) +

3t2

3!
∆3(v) + ... = ∆(v + t · ∆(v) +

t2

2!
· ∆2(v) + ...)

using linearity of ∆. But this is just ∆ applied to F (t).

There is an analogous result for second order differential equations of the

form
··

F (t) = ∆(F (t)) (with ∆ linear); the proof is similar and we omit it:

Proposition 1.0.8 The formal solution of this second order differential equa-

tion
··

F= ∆F , with initial position v and initial speed w, is given by

F (t) = v + t · w +
t2

2!
∆(v) +

t3

3!
∆(w) +

t4

4!
∆2(v) +

t5

5!
∆2(w) + ....

2 Exponential of vector fields

As we mentioned before, we shall describe the exponential of two D-actions.
We do this when the action in the exponent is invertible. An action X :
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D × M → M is called invertible, if for each d ∈ D, X(d,−) : M → M
is invertible. In this case, the exponential (N, Y )(M,X) may be described as
NM equipped with the following action by D: an element d ∈ D acts on
β : M → N by “conjugation”:

β 7→ Yd ◦ β ◦ (Xd)
−1,

where Yd denotes Y (d,−) : N → N , and similarly for Xd.

It is easy to check that if both actions are pointed, so is the above expo-
nential. This means that exponentials in the category of pointed objects are
formed by taking exponentials in the topos of actions.

In this section, we show that solutions of an exponential vector field may
be obtained by conjugating solutions of the vector fields that make up the
exponential. Furthermore, this method of conjugation is equivalent (under
some conditions) to the method of change of variables, widely used to solve
differential equations.

Theorem 2.0.9 Assume that (M, X) and (N, Y ) are vector fields having
(complete) solutions F : R̃×M → M and G : R̃×N → N , respectively, and
assume that all Ft are invertible. Then a (complete) solution H : R̃×M → M
of the exponential (N, Y )(M,X) is obtained as the map

H : R̃ × NM → NM

given by conjugation: Ht(β) = Gt ◦ β ◦ F−1
t .

Proof. This is purely formal. For β ∈ NM , we have

(Y X)d(Ht(β)) = Yd ◦ Ht(β) ◦ X−1
d

= Yd ◦ Gt ◦ β ◦ F−1
t ◦ X−1

d

= Gd+t ◦ β ◦ F−1
d+t

= Hd+t(β),

where in the third step we used the equation (1) for G and F , in the form

Gd+t = Yd ◦ Gt, respectively Fd+t = Xd ◦ Ft,

together with invertibility of Fs for all s and invertibility of Xd.
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A similar argument gives that if each of (2)-(4) holds for both F and G,
then the corresponding property holds for H .

In most applications, the invertibility of the Ft will be secured by sub-
traction on R̃, with F−1

t = F−t.

Recall that an R-module V is called Euclidean if the canonical map α :
V ×V → V D given by α(u, v)(d) = u+d·v is invertible; the composite of α−1

with projection to the second factor, V D → V × V → V is called principal
part formation.

If M ⊆ V is an infinitesimal open (definition???) subset of V, the canon-
ical map M × V −→MD is an isomorphism and a vector field X on M may
be seen as a map X : M−→M × V. By composing it with the principal part
formation for V, we obtain a (non necessarily linear) map ξ : M−→V called
the principal part of the field X. In set-theretic notation,

X(v)(d) = v + dξ(v)

In this case, we sometimes write Dξ(β) instead of DX(β).

Recall also that if β : M → V is any map into a Euclidean R-module, and
X is a vector field on M , then the directional derivative DX(β) of β along X
is the composite

M
X
→ MD βD

→ V D → V,

where the last map is principal part formation. Using function theoretic
notation, DX(β) is characterized by validity of the equation

β(X(m, d)) = β(m) + d · DX(β)(m),

for all d ∈ D, m ∈ M .

In the particular case M = R̃ and V = R, we have that the canonical map
R̃ × R−→R̃D is an isomorphism and one checks easily that the directional
derivative takes the simpler form

DX(β)(x) = ξ(x)
dβ

dx
(x)
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Proposition 2.0.10 Assume that X1, X2 are vector fields on M1, M2, re-
spectively, and that H : M1 → M2 is a homomorphism (i.e., it preserves the
D-action). Let V be a Euclidean R-module. Then for any u : M2 → V ,

DX1
(u ◦ H) = DX2

(u) ◦ H.

Proof. This is a straightforward computation:

u(X2(H(m), d)) = u(H(m)) + d · DX2
(H(m));

on the other hand

u(X2(H(m), d)) = u(H(X1(m, d))) = u(H(m)) + d · DX1
(u ◦ H)(m).

By comparing these two expressions we obtain the conclusion of the Propo-
sition.

We now consider solutions F : R̃ × V → V for such vector fields, so
equation (1) holds: Xd ◦Ft = Ft+d. In terms of principal parts, this equation
may be rewritten as

Ḟt(v) = ξ(Ft(v)).

Similarly, equation (2) may be written as

Ḟt = Dξ(Ft). (6)

Using directional derivatives, we can give a more familiar expression to
the vector field (1ODE) Y X considered above on the object NM , when the
base N is a microlinear Euclidean R-module V , and the exponent M is
microlinear. In fact, letting η be the principal part of the vector field Y on
N = V , we have, for u ∈ V M , m ∈ M , d ∈ D (recall that (Xd)

−1 = X−d)

(Y X)d(u)(m) = Yd ◦ u ◦ X−d(m)
= u((X−d(m)) + d · η(u(X−d(m)))
= u(m) − d · DX(u)(m) + d · η(u(m))
= u(m) + d · [−DX(u)(m) + η(u(m))]

(at the third equality sign, a cancellation of d · d took place in the last term)
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In other words, the principal part of Y X is θ : V M−→V M given by

θ(u)(m) = η(u(m)) − DX(u)(m).

NB. We recall that the 1ODE corresponding to a vector field X on a Eu-
clidean R-module V may be written as ẋ = ξ(x) where ξ is the principal part
of X. This notation in fact may be justified by the following considerations:
let x : R̃ × V −→V be a formal solution of X (which exists provided that V
is microlinear). Therefore, x(t + d, v) = X(d, x(t, v)) = x(t, v) + dξ(v). This
means that the derivative with respect to t, (”time”) is given by ẋ(t, v) =
ξ(x(v, t)). In other words, x is the solution of the 1ODE ẋ = ξ(x) with initial
condition x(0, v) = X(0, v) = v.

In these terms, the above equation may be rewritten (leaving out the m,
and modulo some obvious abuse of notation) as

u̇ = η(u) − DX(u),

or
∂u

∂t
+ DX(u) = η(u).

This is a PDE of first order “in time”. Thus, the exponential of two 1ODE’s
is a 1PDE.

In the particular case that M = R̃ and N = R, we can give this PDE, once
again, a more familiar presentation. Indeed, assume that U : R̃ × RR̃−→RR̃

is the formal solution of Y X . Thus, U(t+ d, v) = Y X
d (U(t.v) and this implies

that
∂U

∂t
(t.v) + DX(U(v, t)) = η(U(v, t))

On the other hand,

DX(U(t, v))(x) = ξ(x)
dU(t, v)

dx
(x)

Let v0 a function thought as the initial condition. Then u(t, x) = U(t, v0)(x)
is the solution of the partial differential equation

∂u

∂t
+ ξ(x)

∂u

∂x
= η(u)
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with initial condition v0.

We now prove (a form of the) chain rule. We need some preliminaries.

For any object N , let us consider its “zero vector field” Z , i.e., Zd is the
identity map on N , for all d. For a vector field X on an object M , we then
also have the “vertical” vector field Z × X on N × M .

If we have a complete solution F : R̃×M → M of a vector field X on M ,
we may consider the map F : R̃×M → R̃×M given by (t, m) 7→ (t, F (t, m))

Proposition 2.0.11 The map F thus described is an automorphism of the
vector field Z × X on R̃ × M .

Proof. By a straightforward diagram chase, one sees that this is a restate-
ment of condition (3).

The following may be seen as a generalization of (6), and is a form of the
chain rule. We consider a vector field X on M , with solution F : R̃×M → M .
Let U : R̃ × M → V be any function with values in a Euclidean R-module.

Proposition 2.0.12 Under these circumstances, we have

∂

∂t
U(t, Ft(m)) =

∂U

∂t
(t, Ft(m)) + (DZ×XU)(t, Ft(m))

for all t ∈ R̃, m ∈ M .

Proof. Since F is a solution of X, Ft+d = Xd ◦ Ft, and so for any t, t′ ∈ R̃
(Z × X)d(t

′, Ft(m)) = (t′, Ft+d(m). Therefore, by definition of directional
derivative,

U(t′, Ft+d(m)) = U(t′, Ft(m)) + d · (DZ×XU)(t′, Ft(m)).

Putting t′ = t + d, we thus have

U(t + d, Ft+d(m)) = U(t + d, Ft(m)) + d · (DZ×XU)(t + d, Ft(m))

= U(t + d, Ft(m)) + d · (DZ×XU)(t, Ft(m))

by a standard cancellation of two d’s, after Taylor expansion. Expanding the
first term, we may continue:

= U(t, Ft(m)) + d ·
∂U

∂t
(t, Ft(m)) + d · (DZ×XU)(t, Ft(m)).
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On the other hand,

U(t + d, Ft+d(m)) = U(t, Ft(m)) + d ·
∂

∂t
U(t, Ft(m));

comparing these two expressions gives the result.

By specializing to the case M = V = R, we obtain

∂

∂t
U(t, F (t, m)) =

∂U

∂t
(t, F (t, m)) +

∂F

∂t
(t, m)

∂U

∂x
(t, F (t, m))

which is clearly a more familiar form of the chain rule.

The method of change of variables has been used extensively to solve
differential equations. We shall prove that our method for solving the ex-
ponential differential equation Y X , where X is an integrable vector field on
M , Y an integrable vector field on a Euclidean R-module, and where R̃ is
symmetric with respect to the origin (if t ∈ R̃, then −t ∈ R̃), may be seen
as an application of the method of change of variables. We let η : V → V
denote the principal part of Y , as before. Let F : R̃ × M → M be the
assumed solution of X, and let F : R̃ × M → R̃ × M be the map

F (t, m) = (t, F (−t, m))

Then F (which represents the change of variables τ = t, µ = F (−t, m)) is
invertible.

Theorem 2.0.13 (“Change of variables”). If u : R̃×M → V is a particular
solution of Y X , or, equivalently, of

∂u

∂t
+ DX(u) = η(u), (7)

then the unique map U : R̃ × M → V given as the composite

R̃ × M
(F )−1

→ R̃ × M
u
→ V

is a particular solution of Y Z, or, equivalently, of

∂U

∂t
= η(U), (8)

and vice versa.
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Proof. Since u(t, m) = U(t, F−t(m)), we have

∂u

∂t
(t, m) =

∂

∂t
U(t, F−t(m)) =

∂U

∂t
(t, F−t(m)) − DZ×XU(t, F−t(m)),

by the chain rule, Proposition 2.0.12. On the other hand, F is an automor-
phism of the vector field Z×X, by Proposition 2.0.11, and so, by construction
of F and Proposition 2.0.10,

DZ×X(u) = DZ×X(U ◦ F ) = (DZ×XU) ◦ F.

Therefore,

0 =
∂u

∂t
+ DZ×X(u) − g(u)

=
∂U

∂t
(t, µ) − DZ×X(U)(t, µ) + DZ×X(U)(t, µ) − η(U(t, µ)),

where µ = F−t(m), i.e., U is solution of

∂U

∂t
= η(U),

proving the theorem (the vice versa part follows because F is invertible).

Corollary 2.0.14 (Uniqueness of solutions of the exponential) Let X
be a vector field on M and let Y be a vector field on an Euclidean module
V. Assume that F : R̃ × M−→M is a complete solution of X. If Y has the
uniqueness property for particular solutions, then so does Y X .

Proof: We let η be the principal part of Y. Let u, w : R̃ ×M−→V be (expo-
nential adjoints of) particular solutions of Y X such that u(0, m) = v(0, m).
For each m ∈ M, define U(t) = u(t, F (t, m) and W (t) = w(t, F (t, m)). By the
change of variables theorem, both U and W satisfy ẏ = η(y), i.e. they are par-
ticular solutions of Y with the same initial value. By uniqueness of particular
solutions of Y, U = W. But m is arbitrary, i.e., u(t, F (t, m)) = w(t, F (t, m))
for every t and every m. Since F (t,−) is bijective, this shows that u = v.

Corollary 2.0.15 (Uniqueness of the solution by conjugation) Assume
the hypothesis of the previous corollary. If Y has a complete solution G, then
the solution of Y X obtained by conjugation from F and G is the only complete
solution of this exponential vector field.
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Some examples

Our method of solving exponentials of 1ODE’s by conjugation of their
solutions gives a straightforward algorithm to solve the resulting 1PDE. In
fact, the solution of

∂u/∂t + ξ(x)∂u/∂x = η(u)

is simply
u(t, x) = G(t, v(F (−t, x)))

where v is an arbitrary function (the initial value), F and G are the solutions
of the equations ẋ = ξ(x) and ẏ = η(y), respectively. This is a consequence of
the general method in section 2, but we will check this in ordinary calculus.
This is straightforward, once that we observe the following

Proposition 2.0.16 Let f : R̃×R−→R be a complete solution of the 1ODE
ẏ = ξ(y). Then

ξ(f(t, x)) = ξ(x)(∂f/∂x)(t, x)

Proof: Let lnξ be a primitive of 1/ξ. If y(t) is a solution of ẏ = ξ(y), then
lnξ(y(t)) = t + C. Therefore,

lnξ(f(t, x)) = t + lnξ(x)

Taking the partial derivative with respect to x,

(∂f/∂x)(t, x)/ξ(f(t, x)) = 1/ξ(x)

which is the required formula.

NB. Since ξ(f(t, x) = ḟ(t, x), we have shown that f is a (complete) solu-
tion of the 1PDE

∂u/∂t − ξ(x)∂u/∂x = 0

It is easy to show that, conversely, any solution of this PDE is a solution of
ẏ = ξ(y).

Example 1 (’the transport equation’)

∂u/∂t + ∂u/∂x = 0
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Here, ξ(x) = 1 and η(y) = 0. The complete solution of ẏ = y is clearly
F (x, t) = x + t, which is globally defined. On the other hand, the complete
solution of ẏ = 0 is G(t, x) = x (also globally defined). Hence

H(t, x) = G(t, v(F (−t, x))) = v(x − t)

is the only (globally defined) complete solution of the PDE.

Example 2
∂u/∂t + x∂u/∂x = u

In this case, ξ(x) = x and η(y) = y and their complete solutions are the
same, namely F (t, x) = G(t, x) = xet (globally defined). Therefore,

H(t, x) = G(t, v(F (−t, x))) = v(xe−t)et

is the (globally defined) complete solution of the PDE.

Example 3 Let D be the set of elements of square zero in R, as usual.
It carries a vector field, namely the map e : D × D → D given by (d, δ) 7→
(1 + d) · δ. It is easy to see that this vector field is integrable, with complete
solution E : R × D → D given by (t, δ) 7→ et · δ. Now consider the tangent
vector bundle MD on M . The zero vector field Z on M is certainly integrable,
and so we have by the theorem a complete integral for the vector field Ze

on the tangent bundle. We describe the integral explicitly (this then also
describes the vector field, by restriction): it is the map R × MD → MD

given by (t, β) 7→ [d 7→ β(e−t · d)].— The vector field on MD obtained this
way is, except for the sign, the Liouville vector field, cf. [2], IX.2.
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