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The fundamental concepts of Lie bracket, connection, covariant derivative
and curvature tensor have been defined in geometric terms, making these no-
tions intuitive and easy to understand. In this section we describe an equiva-
lent, algebraic approach which, although not so perspicuous as the geometric
one, is easier to manipulate. This approach is based on the notion of affine
space over an R-module. This whole pamphlet, with a few exceptions, is
taken almost verbatim from Lavendhomme’s book [3].

0.1 Affine spaces and strong difference

Let V' be an R-module . An affine space over V is a set E together with two
operations

+:V x E—FE

~Ex E—V

satisfying the following conditions for e,ej,e5 € E and v,vy,v3 € V

a) (62';61')-;-61 = ey
b) (vt+e)—e=wv

¢c) Ote=e

d) vit(vate) = (vy + vg)te

In other words, an affine space E over V is a V-set whose action V x F—F
is faithful and transitive. (V' is considered as an abelian group).



Proposition 0.1 (Some elementary consequences)
(1) e—e =0
(2) vi+e = vate iff vy = vy
(3) es—ey = (e3—es) + (ea—eq)
(4) (e1—ea) + (e2—e1) =0
(5) ea—ey =0 iff e = e
Proof:
(1) e=e =( (0+e)—e =) 0
(2) Assume vi4e = vate. Then vy =@ (vi+e)—e = (vate)—e =) va.

(3) ((es—ea) + (ea—e1))+e1 =() (ez—e2)+((ea—e1)+e1) =(a) (es—ea)+Fez
=(a) €3 =(a) (63—61)+61- Now, apply (2)

(4) Put e3 = e; in (3) and use (1).

(5) In one direction, use (1). In the other, use conditions (a) and (c) of the
definition of affine space.

We shall often use these consequences tacitly.

Example: The euclidean 3-space E is an affine space over R® with the
operations
+:R*x E—FE
~:Ex E—R?

defined by v+e = the end point of the vector obtained by transporting v
parallel to itself to the point e and e;—e; = the vector which transported
parallel to itself to e; has end-point e,.

The affine space E is just like the vector space R?, but with no element
distinguished as the origin. This remark can be made precise as follows: fix
eo € E and define ¢ : E—R3 by ¢(e) = e—ey. Then ¢ : R*——E, defined by
Y (v) = v+ey and ¢ are inverse of each other, as can be checked immediately
from properties (a) and (b).



For other examples and general theory see volume 1 of M. Berger [1].
For our purposes, the next example is crucial.

Let i : D(2) C D x D. Then M*: MP*P— MP®) is just the restriction
map. Consider 7 € MP® and let = 7(0,0).

Let M! be the fiber of M* over 7 and M, the fiber of my; over z. Aiming
at making M! into an affine space over M,, we define two operations

— Mix M!—M,
+: M, x M}— M}

To define — : M x M!— M, we need the following

Lemma 0.2 The diagram

D(2) : D x D
i ¥
DxD (D x D)V D

is an R-colimit, where (D x D)\ D = {(dy,ds,e) € D3|die = doe = 0},
¢(d1)d2> - (d17d270) and 7~/J(d17d2) - (d17d27d1d2)'

Let 71,72 € M!. Define (y2—v1)(d) = f(0,0,d) where f: (D x D)\ D—M
is the unique function satisfying

{fo¢:’71
Jo =

Then (72=71)(0) = f(0,0,0) = (f ©¢)(0,0) = 71(0,0) =z, i.e. 72=71 € M,.
The operation — is called strong difference.

To define the action + : M, x Mi—M! we need the following

Lemma 0.3 The diagram



(070) €

DxD

(D x D)V D

with ¢(dy,dy) = (dy,d2,0) and e(d) = (0,0,d) is an R-colimit.
Let v : D x D—M with vy|p@) = 7 and v : D—M with v(0) = x. Define
(v+3)(dy,do) = g(dy,da, didy), where g : (D x D)\ D—M is the unique
function such that

{ gogp=r

goe=wv

Then, whenever ('dl, dy) € D(2). (v+7)(dy,ds) = g(dy,d2,0) = (gog)(dy,ds) =

V(d, da), ie., (v+7)|pE) = Ylpe =T

Proposition 0.4 With the operations thus defined, M! is an affine space

over M,.

Proof:

(a) By definition of +, ((y2—71)+71)(d1,d2) = g(di,ds, didy) where g is

characterized by g(di,dz,0) = yi(di,dz) and g(0,0,d) = (y2—m)(d).
But (y2—1)(d) = 1(0,0,d) where [ is characterized by I(dy,dy,0) =
Y1(dy, d2) and [(dy, da, dids) = 72(dy, ds). Hence 1(0.0.d) = g(0.0.d) and
l(d17d270) - g(dbd??O)‘ ThUS, g = [ and 50, ((’)/2—’)/1)4-’)/1)(611,612) =
g(d17d27d1d2) = l(d17d27d1d2) = 72(d1, dz)'

(b) and (c): Similar and left to the reader

(d) The proof is a little more involved and is based on the easily checked
statement that the diagram

Dx D (DXD)\/D
P G2
(D x D)V D= (D x D)V D(2)



where

(D x D)V D(2) = {(dy,da, e1,€3) € D*|d;e; = ere5 =0}
C1(d1,d2,€) = (d17d27670)
Cz(dhdz,@) = (d17d2,d1d276)

is an R-colimit.

Consider «, 3 : (D x D)\ D—M characterized by «(0.0.) = wvy(e),
a(dy, dz,0) = 7(di, d») and $(0.0.€) = vi(e), B(d1, d2, 0) = a(dr, d2, dido),
respectively. Thus, aw o) = [ o ¢ and so, there exists a unique

d:(DxD)VD(2)—M withdo(; =aand o (s =3
Clearly

[v1+(v2+))(dy, da) = B(dy, da, drdy)
We claim that

[(U1 + 02)—5—7](611, dy) = B(dy,ds, dids)

Let C(dl,dg,e) = 5(d1,d2,e,e). Then C(dl,dg,O) = (5(d1,d2,0,0) =
a(dy, ds,0) = v(dy,dz) and ¢(0.0.¢) = §(0,0,¢,¢e) = (v1 + v2)(e) since
5(0,0,¢,0) = va(e) and 6(0,0,0,e) = vq(e)

Finally,

[(v1 +02)+7)(d1,d2) = ¢(dy,ds, dvdy)
5(d17 d27 d1d27 dle)
= ﬁ(d17d27d1d2)

This finishes the proof.
Proposition 0.5 Let 71,72 € M! and a € R. Then

{G(VQ;%) = (a-ﬂz)%(@&%)
= (a.272)—(a.2m)

Proof: We prove the first, the other is similar. By definition, (y;—72)(d) =
1(0,0,d) where [ : (D x D)\ D—M is characterized by

{509?5 = N
Loy = 7



Let I’ = a.;l. Then

(a.ll)(dl,dg) = (ll Ogb)(dl,dg)
l/(¢(d17 d?))
l'(dy,ds,0)
a.ll(dl,dg,O)

= l(adl, dQ,O)

= (lo¢)(ady,ds,0)
= M ((Zdl, ng)

= a.17(d1,dy)

It follows that (a.;v9—a.171)(d) = a.11(0,0,d) = a1(y2—71)(d), finishing the
proof.

Proposition 0.6 Let v,,v, € M. Then

Z(%); Z(%) = 72471

Proof: Recall that (yo—v1)(d) = 1(0,0,d) where [ : (D x D)V D—M is the
unique map that satisfying lo¢ = v; and [0t = 75. But then >>lo¢p => 7
and Y.l o1 = Yy, and this shows that (X v.— > 7)(d) = 31(0,0,d) =
l(07 07 d) = (72;71)(60‘

Proposition 0.7 Ify € M! and v € M, where 7(0,0) = a, Then
> () = v+ (7)
Proof: Similar to the preceding ones.
Example: M =R

+ :Letv € Ry, 7 € MP® and v € M!. By Kock-Lawvere,v(d) = a+bd,
v(dy,dy) = a+ bydy + bedy + cdyds and hence 7 : D(2)— R is given by
T(dl, dQ) =a++ bldl + bgdg. Then

(v+9)(di, d2) = g(di, d, dids)
where g : (D x D)\ D—R is the unique map such that

{ g o ¢(di,dy) = g(dy,da,0) = v(dy,ds)
goe(d)=g(0,0,d) =a+bd

Thus, g(dy,ds, d) = a + bidy + bads + bd + cdydy and hence
(vF+7)(dy, da) = a + bidy + bado + (b + c)dyda.



— : Let 7172 € M with 7 as above. Then

Y1(dr,dz) = a+ bidy + bads + c1d1dy
’}/Q(dl, dg) =a++ bldl + b2d2 + CledQ

Then (y2—71)(d) = 1(0,0,d) where [ : (D x D)\ D—R is the unique
map such that

{ (lo@)(di,dy) = l(dy, da, dydy) = v2(dy, d)
(loy)(di,dz = I(dy,d2,0)) = 1i(dr,d2)

Thus I(dy, ds, d) = a+ bydy + bady + (c2 — ¢1)d + ¢1dyds and hence

(72—’71)(60 = l(OOd) =a-+ (CQ - Cl)d

Connecting mapping: Let V be a connection on M. We define the
connecting mapping of V to be the map C : MP*P — MP by the formula

C(v) =7=VK~y

Proposition 0.8 The connecting mapping is R-linear for the two structures
of fiber bundles of MP*P on MP.

Proof: We do this only for the first structure, the other being similar. If
v € MP*P, then K(y) = (71,72) where v = [d — 7(d,0)] and 7, = [d ~—
7(0, d)]. Thus,
Claqy) = a.l‘VQVK(a.w)

= CL-W—‘V(GJ%JIJ%)

= a.wfV(a.wl,vg)

= a-17—a:1v(’71,72)

= a(y—VK7)

= aC(v)

Recall from ”affineconnections.pdf” 0.2 that if p : E— M is a vector bundle
and V a connection on M, the connection map C' : EP — E associated to V
is defined in terms of the splitting of the map H : E x ; E— EP induced by
V. In more details: V induces a split-exact sequence of vector bundles over
E (i.e. with respect to ®):



0 —FExy FE 0

MD XME

ED
Hence H splits as well. Indeed, there is a map C, : EP—E x,; E such that

(*) Cl @) H == idExME
HoCy =idgp — VK

The connection map associated to V was defined to be the map
C:EP—E
given by C' = py o (.

Proposition 0.9 The connecting map MP*P—MP and the connection
map EP —E coincide for E = MP.

Proof: By definition of the connection map, Cy(y) = (w0 (7y), C(7)). There-
fore, HC1(7)(d) = mpo (7)+dC(v) (definition of H). Letting K (v) = (71, 72)
where v (d) = v(d,0) and vo(d) = 7(0, d), we conclude from (*) that

(k%) (v =1 V(71,72))(d1, d2) = y2(da) + d1C(7)(da)

On the other hand, by definition of strong difference, (y—V(v1,72))(e) =
1(0,0,e) where [ : (D x D)— M is the unique map satisfying

l(dh d270> = V(tth)(dl;dZ)
l(d17d27 d1d2) = 7(d1,d2)

Let us fix d; and compute v9(—) + d1(y—V(71,72))(—). Since

= tq(d2) (dy =0)
= di(v=V(71,7%))(dy) (d2 =0)

then v2(ds) + di(v=V (71,72)(d2) = 1(0, d2, d1d5) by putting dy = d, accord-
ing to the definition of addition. Proceeding in a similar way, considering
this time l(dl, dg, dlldz)

l(07d2>d1d/2> - {

I(dy, dy, didy) = (V(71,72)(dr, d2) 41 (72 + di(v=V (71, 72))) (d2).-



But the left hand side is y(dy,dy). Therefore, (vo + diC(7))(d2) = (v —1
V(711,72))(dr, d2) = (92 + di(y=V (71, 72)) (d2). Hence C(7) = 7=V (71, 72)-

Lie bracket: For X and Y vector fields over M, let ¢ : D x D—s MM
be defined by ¢(dy,dy) =Y_y4,0X 4, 0Yy, 0 Xy,. Since ¢(d.0) = ¢(0,d) = Id,
there is, by microlinearity, a unique function [X,Y] : D—M such that
¢(dy, dz) = [X,Y](d1d2).

Proposition 0.10 The vector fields on M equipped with the Lie bracket form
a Lie algebra

Proof: This means that [—, —| satisfies the following equations
(a) [Y,X] = —[X,Y] (antisymmetry)
(b) [AX,Y] = [X,\Y] = \[X,Y] (bilinearity)
(c) [[X,Y],Z]+ Y, Z],X]|+[[Z,X],Y] =0 (Jacobi identity)
This proposition is a particular case of the more general

Proposition 0.11 If G is a microlinear space which is a monoid, then G, =
{t € GP|t(0) = e} has a natural Lie algebra structure, i.e, a natural bilinear,
antisymmetric operation

[—,—]: Ge x Go—G,
satisfying Jacobi identity.

Proof: (Taken almost verbatim from Moerdijk/Reyes [4]). Let t1,ty € G, and
define h(tl, tg)(dl, dg) = tg(—dg)otl(—dl)otg(d2>0t1 (dl) Since h(tl, tg)(dl, 0) =
h(t1,t2)(0,d2) = e, there is a unique function |[—, —] : D—G such that
h(ti,t2)(dy,dy) = [t1,t2](d1dz). This results from the following R-coequalizer

11
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We first notice that t1(d) o ta(d) = (t1 + t2)(d) and t(—d) = (—t)(d) =
t(d)~! are immediate consequences of the definition of + in G.. In fact,
define [ : D(2)—G by [(dy,dy) = t1(dy) o ta(dy). Then I(dy,0) = t1(d;) and
Z(O, dg) = tg(dg). Thus (tl + tg)(d) = l(d, d) = tl(d) @) tg(d)

Antisymmetry follows from h(ty,t3)(dy, d2) o h(ta,t1)(ds,dy) = e and
h(ty,t2)(dy,d2) = h(ti,t2)(ds,dy). Since homogeneity (which implies linear-
ity) is clear, we are left with the Jacobi identity.

Since
1 0 D
0 i1
D D(2)

is an R-pushout, it follows that whenever ¢,¢' € G, and (d,d’) € D(2), then
(1)  t(d)ot'(d) =t (d)ot(d).
Writing a = t1(dy), b = t2(dz), ¢ = t3(ds), we may rewrite the Jacobi identity

(2)  (a, (b)) (b, (c,a))(c, (a,b)) = e

where (z,y) is the commutator y'x~'yx (the operation o suppresed). There-
fore, we have to prove

(3) (b,c) tat(b,c)alc,a) b e, a)b(a,b) e (a,b)e = e

We notice the following consequence of (1): we can interchange (x,y) with x
or y or (u,v) provided that {z,y} N {u,v} # 0.

Using this remark, we may move (c,a)™! to second place and (a,b)™" just
right of @ in the left hand side of (2) to get

() (b,0) " (e,0) a (b, cdala, )b (e, a)be H(a b)e
Rewriting bc™! as ¢71b(¢™!, b) and interchanging (¢!, ) and (a,b) we get
(5) (b,e)" (c;a)" a” (b, c)a(a, 0)"'07 (¢, a)e™ b(a, b)(c ", b)e

Spelling out the commutators, we obtain e.

10



Lemma 0.12 [ X, Y](dids) = X _4, 0 Yy, 0 X4, 0Y 4,
Proof: This is a simple consequence of X 4 = (X;)!. In fact,

(X, Y](didy) = ([X,Y]ay(—a) ™' = (Yay 0 X_g, 0 Y_g, 0 Xg, )"
= X*dl °© Yd2 © Xdl © Y7d2

As a consequence, we obtain the following characterization of the Lie bracket
in terms of strong difference

Corollary 0.13 [X,Y] =Y x X— (X «Y)
Proof: By definition,

(Y*X)(dl,d2> = ng o Xd1
Z(X*Y)(dl,dg) = Xd1 o Yd2

Thus, these functions coincide on D(2) and their strong difference can be
performed. Let [ : (D x D)\ D— MM be given by

l(dl, dQ, h) = Xd1 e} [X, Y]h O Yd2
Then, a trivial computation gives

l(dl,dg, O) = E(X*Y)(dl,dg)
{ U(dy, do, dyds) = (Y % X)(dy, ds)

Thus the strong difference is
(Y X =D (X *Y))(h) =1(0,0,h) = [X, Y],

Covariant derivative: If X,Y are vector fields on M we define the
covariant derivative of Y along X to be the new vector field VxY = C(Y %
X). Since the connection and the connecting map coincide, a geometrical
interpretation has already been provided in ”affineconnections.pdf” 0.2 in
the more general context of X a vector field on M and Y a vector field on
a vector bundle F—M having an affine connection V. We recall that in
this case, VxY is the F-vector field VxY : M—FE characterized by the
equation

V([d = Xn(h + d), Y, ) (=h) = Yo = h(VxY )

11



for every h € D. Here X : M—MP® is the (unique) extension of X.

Grosso modo, this equation says that (VxY'),, is computed by transport-
ing Yx,,(n) back along X and substracting Y,, from the result.

Riemann-Christoffel tensor: We define the curvature of the connec-
tion V to be the map
RxyyZ=(CoCP —CoCPo¥%)o(Z+xY xX)

where

(Z*Y*X)(dl,dz,dg) = ng ¢} ng OXd1
E(Z*Y*X)(dl,dQ,dg) = ng O}fd1 OXd2

Notice that Z x Y x X is a transpose of (ZP)P o YP o X : M—((MP)P)P.

Whether this algebraic notion is equivalent to the corresponding geomet-
ric one (as defined in [4]) seems to be the main open problem in this area.
For finite dimensional manifolds, these notions are equivalent (cf. ” Riemann-
Christoffel.pdf” page 4.)

The following identity will be used later on

Proposition 0.14
nyZ = VX(VyZ) — VY(V)(Z) — V[X7y]Z
Proof: The following is taken almost verbatim from the original (French)
version of [3] page 175.
A simple computation gives
Vx(VyZ) = Co(CoZPoY)PoX
= CoCPo(ZP)PoYPoX
= CoCP(ZxY xX)
since Z xY * X is a transpose of (ZP)P o YP o X.

In the following, it is convenient to use variables and the A notation for
functions (e.g., f = Axf(x)). To fix the ideas, we shall use d; as a variable
ranging in the outermost D of the expression ((MP)P)P, dy as a variable
ranging in the next, etc. Thus, C' o CP : ((MP)P)P—MP sends ¢ into

12



C (Mg, C (Mg, (Mg50(dy, do,d3)))). To simplify the notation, we write Ag Mg, ...
instead of Ay, (Ag,...). Thus,

{ Co CD(¢) C()\dlc()\dQ)\d3¢(d1, an d3)))
CoCP(2¢) = C(\g,C(NayAayd(do, dy,d3)))

Notice that since d; and dy are bound variables, we may interchange them
in the last equation to obtain, equivalently,

Co CD(E¢) = C(/\d20<)‘d1 )‘ds(b(dlv da, d3>))

NB: In [2], this last expression is written as C[C¢(dy, da, ds)))], clearly show-
ing the scope of the bound variables dj,ds,ds. The English translation [3]
obliterates the distinction between dy and dy, making this proof nonsensical.

For instance (1) and (2) become literally identical, making R = 0!
We shall use both notations. Thus,

(CoCPYZxY *xX) = C(\dy C(Ado)ds Zg, 0Yy, 0Xy,)) (1)
(COCD OZ)(Z*Y*X) = C()\dg ()\dl)\dg ng OYd2 OXd1>) (2)
Vx(VyZ) = C()\dl ()\dg)\dg Zd3 o) de o Xd1)> (3)
VY(VXZ) = C()‘dl C<)‘d2)\d3 Zd3 © Xd2 © Ydl)) (4)
V[X,Y]Z = COZDO[X,Y] (5)

We must show that (1) — (2) = (3) — (4) — (5). Since (1) = (3), it is enough
to show that (2) — (4) = (5). Notice, furthermore, that by interchanging d,
and ds, we can re-write (4) as C(Ady C(AdiAds Zg, 0 Xy, o Ya,)).

Let us compute

(2)—(4) = C[C(ZdioYdéoXﬂ)] — C[C(ZdioXﬂoYdé)]

at m
Define
{ 61(ds, d) = C((Zg, © Yo, © Xg,)(m)(d)
02(dz, d) = C((Za, © Xa, © Ya,)(m)(d)
Then,

{ 01 (da,0) = C((Zg, © Ya, © Xg4,)(m))(0) = Yy, (m)
0%(d2,0) = C((Z4, © Xa, 0 Ya,)(m))(0) = Yo, (m)

13



These follow from the definition of C' as the strong difference C(¢)) = %~V K1.
In fact, recall that by definition of strong difference, C'(¢)(d) = (0,0, d)
where [ : D x DV D—M is the unique map such that [(dy,dy, d1ds) =
¥(dy, dg) and ¥(dy, ds,0) = VK(dy, ds). In particular, C(1)(0) = 1(0,0,0) =
¥(0,0) = x, the base point.

To show the first equality, for example, put ¢ (dy, d3) = (Z4,0Yg,0X4, ) (m).
with d, fixed.

Since C'is R-linear for the structure (+1,.1) of the vector bundle MP*P
over M,
(2)-(4) = C(¢") = C(5%)
= CO(0' =1 6%

To compute § = (6* —; 62), define
¢(dz, dy, d) = C((Zg, © Yo, 0 Xg, 0 Y_g7)(m))(d)

whenever (dq, dy) € D(2).

We have Sded)  (d)—0)
ottt d) ={ (% 20

Therefore,
5(dy,d) = (6' —1 6%)(do, d)

¢(d2> d27 d)
= C((Zg, 0 Yay © X, 0 Y_)(m))(d)

Notice that

0(d2,0) = C((Za, 0 Y, 0 Xg, 0Y_4,)(m))(0)
(Yzoydz)( )

= m

On the other hand,
6(0,d) = C((Zg, © Xg4,(m))(d)

Therefore
6(dz, d) = C((Z4, © Xa,(m))(d) + d2.C(8))(d)

14



since the derivative of § is C'(d) = (2) — (4).

In fact, letting as usual K (8) = (01, 02), we have that d,(dz) = d(ds,0) =0
for every dy € D. Therefore, V(d1,62) = 0, by bilinearity and this implies
that

0(dz,d) = (0 —1 V(d1,02))(d2, d)
= 0(0,d) +dyC(6)(d) as shown in proposition 0.9 (**)

Isolating the last term,

d2C(0) = 0(da,d) — C((Za, 0 Xg,)(m))(d)
= C((Z4, ©Ya, 0 Xa, 0Y_0,)(m)) — C((Zg, © X4,)(m))
= C(eY) — C(é?)

with

{ El(dh d3) = (Zd:s © de © Xdl © Y—dz)(m)
62(d17 d3) = (st o Xd1)<m)

By using R-linearity of C for the (41, .1) structure,
C(e') = C(?) = C(e' —1 )
To compute ¢! —; €2, fix dy € D and let
Y(dy, dy, ds) = (Zgy 0 X_gr 0 Yy, 0 X4, 0Y_g,)(m)
for (dy,d}) € D(2). Since

/ _ (Z3OY2OX1OY—2)(m):€1<d17d) (dllzo)
@Z)(dl,dpds) - { (ng O)gd’l)(mci — 62(d—d/1,d3) ’ (dl — O)

then

(61 -1 62)(d1, d3) = lp(dl, dl, dg)
(Zd3 o X—d1 ¢) ng ¢) Xd1 ¢) Y_dQ)(m)
= (Zus o [X,Y](drds))(m)

Therefore,

dC(0) = C(e! =€)
((Zg (X, Y](dyd2))(m)
= A C((Zg, o [X,Y](dy))(m)

15



This shows that

(2)- (@) = C©)
= O((Za, o [X, Y1) (m)
— (5)

The last line follows from our identification X4(m) = X (m)(d) and conven-
tions about the order of variables in the exponent of (MP)? :

(ZP o [X,Y])(m)(di)(ds) = (Zo[X,Y])(dr,m)(ds)
= Z([X,Y]a, (m)(ds)
= Zd3([X7 Y]d1<m))
- (st © [X7 Y]d1)<m>
This concludes the proof.

Torsion of a connection: We define the torsion of a connection V by
TX,)Y)=CY*«X)-C(XZ(Y *X))

Proposition 0.15 If X and Y are vector fields on M, T(X,Y) = VxY —
Vy X — [X,Y]

Proof: From the definition of the torsion of a connection,
T(X,Y) = (Y « X2V(X,Y)) - (¥ * X)-V(Y, X))
On the other hand,

VXY—VyX = C(Y*X)—C(X*Y)
= (Y+X-V(X,Y)) = (X xY-V(Y, X))

Therefore,

VY - Vy X —T(X,Y) = (S(Y % X)-V(Y, X))
S(X Y IV(Y, X))
= Y (Y *X)-XxY
= [X,Y]

The torsion T measures the lack of symmetry of the connection, as the fol-
lowing proposition makes clear
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Proposition 0.16
T(X,)Y)=> V(V,X)-V(X,Y)
Proof: The proof hinges on the following facts
L Y(r=72) =n—e
2. VK(Y xX)=V(X,Y)

The second is immediate, recalling that K (¢) = (¢1, ¢2) with ¢1(d) = ¢(d, 0)
and ¢o(d) = ¢(0,d). The first has been proved already. (Cf. Proposition 06)

Return to the proof of the proposition

T(X,)Y) = CY+X)—C(X(Y » X))
= (Y*X-VEY *X))— (Y *X)-VE(X(Y % X)))
= Y+ X-VE(Y X)) = (Y % X)=- S VE(S(Y * X))
= SVEEY *X)-VE(Y * X)
= YV, X)1V(X,Y)

Since > V(Y, X)(dy,d2) = V(Y, X)(da,d;), then V is symmetric iff 7" = 0.
(Cf. Proposition 0.1 (5)). In particular, we have

Corollary 0.17 If the connection V is symmetric, then
VxY =VyX + [X,Y]
Corollary 0.18 Let V be connection. Then
RyxZ = —RxyZ
Furthermore, if V is symmetric, then
RxyZ + RyzX + RzxY =0

Proof: The first is immediate from proposition 0.14. The second uses re-
peatedly VxY — Vy X = [X, Y] to reduce the equation to Jacobi’s identity.
In more details, we have (from the same proposition)

RyzX = VyVzX —VzVyX — VygX

RxyZ = VxVyZ—VyVxZ —VixyZ
RZ)(Y = V2VXY — VXva — V[Z,X]Y
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Then the cyclic sum Y, RxyZ may be computed by pairing e.g. the first
term of the RHS of the first equation with the second term of the RHS of
the last formula to obtain VxVyZ — VxVzY = V[V, Z]. We then pair
the result with the last term of the RHS of the second formula to obtain
VxY,Z] = ViyzX = [X,[Y, Z]] and then we add all of these results. Then,
Yo RxvZ =>X,[Y, Z]] = 0. (By the Jacobi’s identity)
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